Introduction
In this paper we use relations amongst Toda brackets and a lot of detailed information about the homotopy groups of spheres to show that there exists a 62-dimensional framed manifold with Kervaire invariant one. This paper, together with [4, 5] , represents an effort to supply full details for a number of the results announced in [11] , and to explore further some of the ideas behind that paper.
The general problem of whether or not there are elements 6 n e 71^+1-2 w i t n n o n ' zero Kervaire invariant will not be solved by the methods of this paper. The first three cases of this problem are trivial: 6 X -rj 2 , 6 2 = v 2 , 0 3 = a 2 , where rj, v and a are the three Hopf maps. It is known that # 4 exists and indeed 0 4 is reasonably well understood [13, 16, 8] . The point of this paper is to construct another non-obvious example: 6 5 e n% 2 . However not even the most optimistic of us would claim that 6 5 is well understood.
We begin this paper with some preliminaries on cell diagrams and Toda brackets. In §2 we outline the proof of the existence of 9 5 , and in § §3 and 4 we give the detailed calculations needed to complete this proof. These calculations require constant references to [3, 6, 13, 14, 20, 21] for information about rc^ and the E 2 and E^ terms of the mod 2 Adams spectral sequence. Some of this information is also contained in [10, 16] and the tables at the end of [22] . There is an appendix with a proof of a general result on the vanishing of certain Toda brackets; a special case of this result is used in the main body of this paper.
Preliminaries
We begin with a brief discussion of cell diagrams and give two lemmas on Toda brackets.
Let X be a CW complex, then a cell diagram for X consists of nodes and edges. The nodes are in one-one correspondence with the cells of X and may be labelled with symbols to indicate the dimensions of the cells. When two nodes are joined by an edge as in Figure 1 , then it is possible to form a subquotient (1.1) X'/X" = S " u ; e such that the cells which are in the subcomplex X' but not in X" are just those corresponding to the two nodes, and such that the attaching map is the map / shown. Suppose we have two nodes labelled n and m with n < m and there is no edge joining them. Then there are two cases.
(i) There is an integer k ^ 2 and a sequence of nodes labelled n h 0 ^ i ^ k, with n = n 0 < n 1 < ... < n k = m and edges joining the node n { to the node n i + l . In this case we do not assert that there is a subquotient of the form (1.1); this does not imply that there is no such subquotient.
(ii) There is no sequence of nodes as in (i). Then we assert that there exists a subquotient of the form (1.1) with
For example consider the complex X = S" u e m u e l . Then a cell diagram for X is given in Figure 2 , and this simply tells us that X = {S" u f e m ) u g .e l where, if p: S" u f e m -* S m is the collapsing map, then g'p = g. This is the best we can do without further information; however, if it happens that / is trivial or g is trivial then, respectively, X admits the cell diagrams of Figure 3 . We are usually only interested in complexes up to homotopy type so from now on we use the phrase 'admits a cell diagram' to mean that there is a complex homotopy equivalent to X with the given cell diagram, and we label the edges by the homotopy classes of the appropriate maps. We can also form stable cell diagrams for stable complexes and, in an analogous manner, cell diagrams for maps.
We always regard relations amongst Toda brackets as conditions for the existence of complexes with specified cell diagrams. For example, Toda's relation FIG. 4 that if a e n s n and 2a = 0 then not. e <2, a, 2> shows that there is a stable complex with the cell diagram of Figure 4 .
We come now to our lemmas on Toda brackets. There are quick proofs available for this lemma; however, we choose to present it as a corollary of a more general result which we discuss in detail in an appendix.
The Kervaire invariant in dimension 62-an outline of the argument
We use the usual notation, 0 n ", for the secondary mod 2 cohomology operation based on the Adem relation n -l
; = o
Our object is to construct 6 5 e if 62 detected by 4> 5 5 . From now on we work stably and at the prime 2 so we shall now write n-} for the 2-primary component of 7^-; all cohomology groups are to have mod 2 coefficients.
To construct 6 n e 7i 2n+ i_ 2 [17, 19] shows that gf is detected by (f> n ". Note that this is not the only way in which we can use the Peterson-Stein formula to prove that a composite gf is detected by $" "-it is simply the one which occurs in the examples we discuss. The notation for homotopy classes is that of [22, 3] with the minor change that here we choose to write r\ } e 7r 2; [12] for the element called n j -1 in [3] . Thus rj, v and a are the Hopf maps in n x , n 3 and 7t 7 , 0 3 = a 2 , 0 4 is the unique non-trivial element of TT 30 = Z/2 [13] , and K is the element of TT 14 described in Toda's book.
In order to give some kind of motivation for this construction we go back to explain a construction of 0 4 . Suppose that we can form the Toda bracket <0 3 , 2, 0 3 , 2>, then any element in this set factors as Now (a) is trivial. By Toda's formula ^0 3 e <2, 0 3 , 2>, and rjd 3 = 0 (compare [22] ) so that (b) follows, and finally (c) follows from Lemma 1.3.
We now try and repeat this argument with 0 3 replaced by 0 4 . We have 20 4 = 0 by [13] and so Lemmas 1.2 and 1.3 show that the only obstruction to forming <0 4 ,2,0 4 ,2> is the set rj6 4 + 2n 31 . However ^0 4 is a non-zero element of TT 31 of minimal Adams filtration and so cannot be in 27r 31 . Therefore there is no map with the cell diagram of Figure 7 . complex which restricts to 0 4 on the bottom cell. We do not prove that 0 4 = 0 as this requires substantial further calculations; anyway if we did we would then use a better line of argument which shows that 9 5 exists and 20 5 = 0 [11, 4] . We avoid this problem by using a different decomposition of r\0^ [3, 3. Thus we can find a map with the cell diagram of Figure 9 , and this is the beginning of Figure 5 . Now we deal with the obstructions to find a map of this 5-cell complex which restricts to 0 4 on the bottom cell. then this obstruction is the set We aim to use Lemma 2.5, so multiply by rj:
We check indeterminacy to see that (2.6) is actually an equality. and this is equal to the indeterminacy of the left hand side. From Lemma 2.4 the right-hand side of (2.6) contains zero. Therefore <<>!, <5 2 , 2> contains an element a such that r\a = 0; its indeterminacy contains 27t 47 and so by Lemma 2.5 it contains an element of V7i 44 + >f7i 46 . We have now proved that there exists a complex X and map g : X -> S° with the cell diagram of Figure 5 in Theorem 2.1; the primary obstructions 20 4 , 2rj 4 The first contains zero by (2.2), and the other two contain zero since n 29 = 0. Indeed the fact that n 29 = 0 shows that there is no difficulty over choices of nullhomotopies, or co-extensions, needed to ensure more than one outcome. It is straightforward, using Adams's decomposition of Sq 32 , to check that / and g satisfy conditions (i)-(iv) with n = 5, so that gf = d 5 e n 62 .
Some homotopy groups of spheres
In this section we discuss the 45, 46 and 47 stems and prove Lemma 2.5. We use the Adams spectral sequence with E 2 term where A is the mod 2 Steenrod algebra. Diagram A is the usual kind of diagram of this spectral sequence; vertical lines represent multiplication by h 0 , lines sloping to the right represent multiplication by h x , and lines sloping to the left are differentials d r . The chart is taken from Tangora's table [20] .
The differentials defined on the 45 and 46 stems are obvious deductions from 1.1.4, 1.1.5 and 8.9 of [13] . The differentials on the elements h^Q' are determined by consideration of the image of J [2, 9] . They are given by If a e E 2 is an infinite cycle then we use the usual notation that {a} ^ n^ denotes the set of homotopy classes detected by a. It can happen that 0 € {a}; this is the case if and only if a is a boundary. We usually write {a} = a when there is a unique element a in the set {a}; a similar convention applies to a Toda bracket with a unique element.
We now prove that h 5 The differentials defined on the 47 stem now follow in a straightforward manner. For the differentials on the 48 and 49 stems we need some preliminary results, most of which are in Tangora's paper [21] . Proof, (i) We know that 0 4 e {h\} and K e {d 0 } and so we check the product h\d 0 e Ext,, (Z/2, Z/2); from [20] , h^d 0 = 0 since it lies in a zero group. Therefore K0 4 has filtration ^ 7 in 7i 44 and from E^ of the spectral sequence [13] it follows that K9 A = 0.
( Proof, (i) and (ii) are proved in part 2 of [21] . To prove (iii) pick a e {h 4 } and /?e <2, 0 4 , K> n {/i 5 rf 0 }-Then from (i) 4a -2/? has filtration ^ 7 and so there are integers x, y such that 4a -2/7 = x<5 + 4j;/?. Multiply by >7 and use Theorem 3.1(iv) to conclude that x<5 = 0, and now replace a by ct -yfl. We now get the relation 4a = 2/?. The rest of (iii) is trivial.
From now on we always use the notation of Theorem 3.3 for 7t 45 . LEMMA 
3.4.
Proof. Since rj 3 = 4v and 8v = 0 we get r] 2 p = 4v/? = 8va = 0.
Next we determine the only non-obvious differential we need; this was first found by G. W. Whitehead. But we now check that rj 2 an 28 = 0; from the structure of E x of the mod 2 Adams spectral sequence given in [13] , taking account of the corrections in [3, 6] , we see that rj 2 n 38 must be contained in the subgroup of n A0 generated by k 2 and since ok = 0 we see that rj 2 an 38 = 0. Therefore but since r\ 2 5 =/ = 0 (Theorem 3.1), we see that y is even so that yd = 0. Therefore at, = 4a + 8xa, and 0 = va£ = 4va = rj 3 (ii) We have ty x (r\, 2, 0 3 > = <i/^l 5 rj, 2>0 3 £ 9 3 n 34 . and using the table of generators of 7r 34 given in [3] we see the only product of 0 3 with 7i 34 which is not obviously zero is 0 2 <ri,2,r] 5 } = (9 3 ,r],2}ri 5 .
From Toda's tables we see that composition with rj defines an injective homomorphism n l6 -> 7i 17 . However (iii) The group n l6 = Z/2 © Z/2 is generated by rj A and rjp l5 . The Adams filtration of any element of (rj, 2, K> is ^ 3 so (rj, 2, K> is contained in the subgroup of n l6 generated by rjp l5 ; but this subgroup is the indeterminacy of <^, 2, K> and so (r\, 2, K) contains zero.
We now start on the proof of Lemma 2.3. 
Proof, (i) Moss's theorem and a check on indeterminacy show that So ri 4 e (rj, 6 3 , 2> and ^40 4 e <^, 6 3 , 2>0 4 = ^<0 3 , 2, 0 4 >. In fact one can check that there is no indeterminacy, but we do not need this.
(ii) We use 3.2.1 and 3.3.2 of [3] ; r\0 A e <0 3 , 2, ^4>, v\\ = 0, and so e < 0 3 , 2, /? 4 >»? 4 = 0 3 <2, »y 4> ^4> .
Now, according to 3.3.3 and 3.3.5 of [3] , there is an element £ e (2, rj^, rj 4 } such that t, e {p}, also v0 4 G {p}. Obviously ^ -v0 4 has ^-invariant zero and filtration ^ 6 in 7r 33 . From E x of the Adams spectral sequence [13] , taking account of the corrections 3.3.6 and 3.3.7 of [3] , <! ; -v0 4 G^7r 32 . NOW, since v0 3 = rjd 3 = 0, it follows that 0 3 <^ = 0, and so 0 3 <2, rj 4 , ^4> contains zero; since 0 3^4 has filtration 4 in 7r 3O it must be zero so there is no indeterminacy, 0 3 <2, rj 4 , rj^y = 0, and = 0. bracket (a, v, v^) r\, where £ is any element of {n}, and that this bracket consists of a single element.
From the above Ext relations we see that a^e^^e^}. It now follows that the indeterminacy in the choice of T is the element of order 2 in the image of J and, for all choices of T, the e-invariant of rjx is zero. From [3, p. 316] we know that r\x and 2ic 2 both lie in {h y u}. It is clear that 2K 2 has e-invariant zero, and so we conclude that r\x = 2k 2 .
The indeterminacy of the set {h^ey} is generated by fficejc^}, T e {u} and P39 e {^* 4^3 } where p 3 9 is a generator of the image of J. Therefore there are integers x, y, z such that e <v, v^, n) .
The e-invariant of ok is zero so, since n 21 is equal to the image of J [3, p. 355 There are two approaches to such results, one we give here and the other we intend to discuss in a future paper on the quadratic construction. The two approaches give slightly different results; using the quadratic construction we need additional hypotheses on a, for example, n is even, but can dispense with the hypothesis that) < n. Incidentally the proof we give here shows that the condition j < n may be replaced by a weaker but much more messy condition.
We begin work on the proof of Theorem A.I. Let V n+l be the Stiefel manifold O/O(n + 1), so there is a fibration Let u: P n + l -> V n + i be the usual inclusion, then the hypothesis that j < n implies that n s j+n + l S n + l = n j+n + i S n + 1 and also that is an isomorphism. Therefore and so, from the long exact sequence of the above fibration, there is an element (f>^Tij +n + 2 V n + 2 such that d(f) = /?. Write £e7E,. +ll + 2 BO(n + 2) for the image of <f> under the map V n + 2 -> BO(n + 2). We identify t, with a stably trivial vector bundle over S j+n + 2 and write E for the sphere bundle of this vector bundle. Then E has cell structure LEMMA A.2. The sphere bundle E has the same stable homotopy type as Proof. Since £ is a stably trivial sphere bundle over a sphere it is homeomorphic to a stably parallelizable manifold and so the attaching map of the top cell is stably trivial. Proof. The n+j + 2 skeleton X of E is a suspension, and a standard result on Thorn complexes over suspensions shows that T(f x ) is the mapping cone of the stable map corresponding to f x . We conclude that the cell diagram for T ( / ) is as shown in Figure 12 , for some y e n where E+ means E with a disjoint base point adjoined. We can assume n ^ 1 and then write O : H'(E; Z) -> H'{T{f); Z) for the Thorn isomorphism, so that the homomorphism A*, in integral cohomology, is given by the formula A*(x <g> O(y)) = ®{xy),
x,ye H*{E ; Z). and so a = ±y.
This proves Lemma A.3; Theorem A.I is an easy deduction.
